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POLYNOMIAL ALGEBRAS HAVE POLYNOMIAL GROWTH
DAVID R. FINSTON

ABSTRACT. The definitions and basic properties of Gelfand-Kirillov dimension are
extended to algebras over a field which are not necessarily associative. The results
are applied to the algebra of polynomial functions on an arbitrary finite dimensional
algebra to obtain polynomial growth (i.e. integral G-K dimension) for these algebras.
The G-K dimension of the polynomial algebra in one indeterminate is shown to be
constant on the category of all finite dimensional nomial extensions of an associative
algebra.

I. Introduction. The algebra of polynomial functions as an arbitrary algebra was
introduced in [10] where an elegant generalization of the fundamental theorem of
algebra was obtained for polynomial functions in one indeterminate over an
arbitrary finite dimensional algebra. This structure was further investigated in [4]
where it was shown that a certain amount of classical Galois theory over fields could
be extended to arbitrary finite dimensional algebras.

As is the case in the category of commutative, associative, unital R-algebras, the
algebra of polynomial functions on a nonassociative algebra is a free object in a
naturally arising category of, not necessarily associative, algebras (namely the
category of algebras with nomial homomorphisms [3, 11]). In case the algebra is a
commutative field, its algebra of polynomial functions on a set X agrees with the
usual polynomial ring and it is well known [1] that its Gelfand Kirillov dimension
(henceforth G-K dimension) is equal to the common value of the transcendence
degree of the rational function field and Krull dimension. It is, therefore, natural to
investigate the G-K dimension of algebras of polynomial functions. To that end, the
definitions and basic properties of G-K dimension have been adapted to handle
nonassociativity.

§II describes the extension of G-K dimension to nonassociative algebras. The
treatment follows [1], and the reader is referred there or to [8, Chapters 1-4], for
complete proofs in the associative case.

A great deal of information regarding the structure of an algebra can be recovered
from its multiplication algebra, and the structure of the algebra as a faithful left
module for its multiplication algebra [5]. The G-K dimension of an algebra com-
puted as a module for its multiplication algebra is discussed in §III.

The algebra of polynomial functions on an algebra A4 in a set X is described in
81V, in order to keep the exposition as self-contained as possible. Some new
technical results, needed for the computation of the G-K dimensions are presented.
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536 D. R. FINSTON

The structure theory of finite dimensional associative algebras carries over nicely
to the algebra of polynomial functions when the base algebra is associative, allowing
for a relatively easy proof of polynomial growth. The proof of the special case is
included in §V since it is similar to, but less technically obscure than, the general
argument. Moreover, the proof for the associative case allows for the proof, in §VII,
that Dim 4(x) = Dim B(x) for all nomial extensions B of the associative algebra
A. Finally, the polynomial algebra of an associative algebra and its homomorphic
images provide a source of infinite dimensional examples of associative algebras
whose structures are strongly controlled by that of the finite dimensional base
algebra.

§VI contains the proof that for arbitrary finite dimensional 4 and finite set X,
Dim A({ X) is a natural number.

§VII introduces the category of algebras with nomial morphisms. It is proved
there that Dim — (x) is an invariant on the category of finite dimensional nomial
extensions of an associative algebra. It is conjectured that the result holds for
arbitrary finite dimensional algebras.

Certain foundational results on the algebra of polynomial functions and nomial
homomorphisms first appeared in [11]. Since that source may be difficult to obtain,
reference is also made to [3] for further details about these results. §§11-VI were part
of the author’s dissertation written under the supervision of Professor Helmut Rohrl
at the University of California, San Diego. The author wishes to thank Professor
Rohrl for his guidance in that effort and for his continued invaluable assistance. The
author wishes also to thank Professor Adrian Wadsworth for his careful reading of a
preliminary version and his many valuable criticisms.

II. Preliminaries on G-K dimension. Let £ be an infinite field. A k-algebra A4 is a
k-vector space together with a vector space homomorphism p: 4 ®, 4 — A giving
the multiplication. The p will be suppressed throughout, and p(a ® b) will be
denoted ab, except for the following convention. If a;, a,,...,a, € A and B(n)is a
bracketting of n symbols, the result of multiplying a,, ..., a, according to B(n) will
be denoted pg,(ay,...,a,). If X isaset, k{ X'} will denote the free nonassociative
algebra on X. A k-algebra will be called finite type if it is a homomorphic image of
k{ X} for some finite set X.

Given a finite type k-algebra A, a filtration of A4 by finite dimensional subspaces
V, is constructed as follows: let V' be a finite dimensional subspace of A4 containing
a set of algebra generators. Set V! = Vand V' = span { gy (v, Vs 0) |0, €V,
B(i) runs through all possible brackettings of i symbols}. Set V, =%, _,_, V"
Clearly, A =U,.V,, and n— d,(n)=dim,V, is a monotone nondecreasing
function on the natural numbers N.

The ordering on #= { f: N — N| f is nondecreasing}, given by f < g iff there is
an m € N with f(u) < g(mn) for all n, induces an equivalence relation ~ on %
given by f ~ g iff f < g and g < f. The equivalence class of f is denoted w( f) and
is called the growth of f. A routine argument [1, Satz 1.6] shows that w(d ) = w(d},)
for any pair of finite dimensional generating subspaces V' and W of 4. Thus the
growth of A, denoted w( 4), is well defined by w(d ).
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(2.1) DEFINITION. (1) Dim 4 = limsup log, d,(n) is the G-K dimension of A.
(2) DIM 4 = limsuplog, In(d, (n)) is the superdimension of A.
For arbitrary A the G-K dimension and superdimension are

(3) Dim A = sup{Dim B| B is a finite type subalgebra of A},

(4) DIM A = sup{DIM B| B is a finite type subalgebra of A}.

Certain of the estimates on G-K dimension and superdimension proved in [1,
paragraph 2] which carry over to arbitrary algebras can be obtained by considering
the number of ways to bracket n symbols. An application of Stirling’s formula yields
that this number C, = 2n — 1)"}(?"'!), the nth Catalan number, is bounded by
k"/(2n — 1)*/2, where k is a constant independent of 7.

(2.2) PrOPOSITION. (1) Dim 4 = 0 if every finite type subalgebra of A is finite
dimensional.

2) w(A) < w(n - e").

(3)0< DIMA4 < 1.

ProOF. For (1) it suffices to consider A4 finite type. If A is finite dimensional, then
for some n, V, = V, ., for all i, which shows Dim(A4) = 0

n+1

:

v ®V

= i times

—»I/;"

2) ea

so that
n) < Z G '[dv(l)]i
i=1

é [de(ll))3]/2 K"v(n+1)

where K is a constant independent of n.

(3) follows immediately from (2). O

For associative algebras, the converse to assertion (1) is also true. In contrast is the
following nonassociative algebra, generated by a single element which is infinite
dimensional with G-K dimension equal to zero. Let 4 = k{x}, the free nonassocia-
tive algebra on the generator x, and [ the ideal in A4 generated by

{,uﬁ(,)(x)uﬁ(j)(x)h #j}. The following sequence of elements of A: x? = x,

x2=x-x, x¥=(x*")x*") survive modulo I and in fact A/l = @ kx>,
where a denotes the image of a € A in A /1. A/I is generated by V' = kX, and

pi— kXY, i=127,
(0) otherwise.

Thus d,(n) < 1 + log, n for all n, and
In(1 + log,(n))

Inn

Dim A4 < limsup = 0.
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The bounds in (3) are sharp as the free associative, nonassociative, and Lie
algebras on two or more generators all have superdimension equal to one. For
example, let 4 be the free Lie algebra on generators x and y.

V =kx + ky,
V?=span,{xy},
V3 = span, {(xy)x,(xp)y}.

Using the Lie identities one shows that

v =span, {((--- (x)asa,) -+ )a,la, € {x,y}},

whence, for n > 2, d,(n)=2""24+2"3+ ... +14+2=2""1+ 1. That DIM 4
= 1 follows easily.

(2.3) DEFINITION. w(A) is called limiting if lim,_, log,d (n) exists for every
finite dimensional subspace V of A.

The elementary properties of G-K dimension in [1, Lemma 3.1] which carry over
easily to arbitrary algebras are included in

(2.4) PROPOSITION. Let A and B be nonzero algebras over the field k.

(1) Dim AII B = max{Dim 4, Dim B }.

(2) Max{Dim 4,Dim B} < Dim4 ® , B < Dim 4 + Dim B.
Dim A ®, B = Dim 4 + Dim B if both A*> = A and B> = B and w(A) or w(B) is
limiting.

(3) DimC < Dim 4 for all quotients and subalgebras C of A.

@ DimA/I; N --- 0], =max,_; {DimA/I} forideals I, ..., 1, of A.

(5) If R is a commutative, associative, unital k-algebra, and A has the structure of
an R-algebra as well, then for any multiplicative set S € R with 0 &€ S, Dim A4 =
Dim(S~'R ® A).

ProOF. Except for (2) the proofs are routine and identical to those given in [1,
Lemma 3.1].

For (2), let V (resp. W) be a finite dimensional generating subspace for 4 (resp.
B)and X C 4 ®, B = finite dimensional subspace. Then X C ¥, ® W, for some n,
so that

xX"c(V,ew)"cV, ®W, ad X, cV, ®W,  forall m.

By taking the supremum over finite type subalgebras of 4 ®, B, Dim(4 ®, B) <
Dim A4 + Dim B follows.
With V and W as above, V' ® W generates a subalgebra of 4 ® B. Clearly,
dim, (Ve W+(Ve W) + - +(Ve W)") > Max{d,(n),d, (n)},

from which Dim 4 ® B > Max{Dim 4, Dim B} follows.
Assume that 42 = A4, B2 = B, and let V" and W’ be finite dimensional generating
subspaces of 4 and B respectively. Since 4% = A4,

Ve +(W) + - +(V)" for some n.
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Set V =X"_(V); then ¥V C V2 Similarly, let W be a finite dimensional generating
subspace for B with W C W2 Note that V, = V" and W, = W" for all n. Let
U=V?® W? and observe that V" ® W” c U" for all n. To see this, we can
reduce this, by induction, to showing that for v € V and wy,...,w, € W, v ®
Bginy(Wis--sw,) € U", and for vy,...,v, € V,we W, Bgnm(01s---50,) ® W E U™
We can write

#,B(n)(wl”"’wn) = P‘B(I)(wl""’WI)P‘B(n—I)(wI+1""?wn)’

and v = Xa;v,v; where v,, v. € V and a; € k. Thus

I e |
ve® F’B(n)(wl’ CaW,) = Z"‘ivivf ® M‘B(I)(wl’"”wl):u'ﬁ(n-[)(w/+l""?wn)
= Z[aivi ® uB(,)(wl,...,w,)][uj’. ® uﬁ(n_,)(w,ﬂ,...,w,,)] e U'ur'cun.
1

The identical argument shows pg,,(vy,...,0,)®w e U™ Now V"® W"c U”"
implies
Dim A4 ® B > limsuplog,(d,(n) - d,(n))
= limsup[log,d, (n) + log, d,, (n)].
If either 4 or B is limiting,

limsup[log, d, (n) + log,d, (n)]
= limsuplog,d, (n) + limsuplog,d,, (n),

and DimA4 ® B=DimA + DimB. O
The following lemma provides some information on the behavior of G-K dimen-
sion under restriction and extension of scalars.

(2.5) LEMMA. Let A be a k-algebra and L a finite extension field of k.
(1) If A has the structure of an L-algebra then Dim; A = Dim 4.
(2) Dim, (L ®, A) = Dim 4.

ProoF. (1) If V is any finite dimensional L subspace of A then dim,V =
[L:k]dim, V. In particular, log,dim,V, = log,[L:k] + log,dim, V,, taking limits
superior, we obtain Dim 4 = Dim, A4.

(2) If V' is a finite dimensional k£ subspace of A then L ®, V' is a finite
dimensional subspace of L ®, 4, and dim,(L ®, V') = dim, V. If B is a finite type
subalgebra of L ®, 4, we can enlarge B, if necessary, to obtain B’ = L ® B, for
some finite type subalgebra B, of A. Now choose a basis for a finite dimensional
generating subspace U of B’ of the form {1 ® v;} where {v,;} is a k basis for a
generating subspace of B,. ThenU, = L ® (U,NA)= L ® (UN A),, where U N 4
(resp. U, N A) denotes the intersection of U (resp. U,) with the image of 4 in
Le®Ad. O

III. The multiplication algebra. The multiplication algebra .# z(A4) of an R-alge-
bra A is the subalgebra of End ; A generated by the identity and all right and left
multiplications by elements of 4 considered as R-endomorphisms of A. The
multiplication ideal .# %(A) is the R subalgebra of .# z(A4) generated by the right
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and left multiplications by elements of 4. Multiplication algebras were investigated
in [S] and we make frequent use of the following result from that paper:

(3.1) LEMMA. Let A be an R-algebra finitely generated projective as an R module and
S a commutative associative unital R-algebra. Then M (S @ A) = S @ M g(A).

(3.1) LEMMA. If k is a field and A a possibly infinite dimensional k-algebra, then
L@, MA)=M (L ®gA) for any commutative associative unital k-algebra L.

PROOF. If {e’|i € I} is a k basis for 4, then #(A) is generated as an algebra by
(A, pili€el}yu{id,}. #(L®,A)is generated by {1®A,,1®p,} U{1®
id ,}, since {1 ® e'|i € I'} constitutes an L basis for L ® 4. O

Clearly, A has the structure of a left .#(A4)-module, and hence a Gelfand Kirillov
dimension as a module for #(A4). The definition of the G-K dimension of a module
is included to make the exposition self-contained. More details can be found in [7 or
8, Chapter 5].

Let A be a finite type, associative unital k-algebra and M a finitely generated left
A-module. Let V' be a finite dimensional generating subspace of 4 and U a finite
dimensional subspace of M generating M as a left A-module. Construct a filtration
of M by finite dimensional subspaces U, as follows:

Uo = U,
U, = V,U, whereV,= ) V'isafiltration of 4.

isn
Clearly, the function d},(n) = dim,(U,) is monotone nondecreasing on the natural
numbers, and a routine argument shows that its growth is independent of both U
and V.

(3.2) DEFINITION. (1) If A is a finite type associative unital k-algebra and M a
finitely generated left A-module, the G-K dimension of M, denoted Dim M, is
w(dy(n)).

(2) If A is as above and M is arbitrary, Dim ; M = sup{Dim N | N is a finitely
generated submodule of M }.

(3) If A and M are arbitrary Dim ;, M = sup{Dim , M | A’ is a finite type subalge-
bra of A}.

Most of the following proposition appears in [7].

(3.3) PROPOSITION. Let A be an associative, unital, finite type k-algebra and M a
finitely generated left A-module, then

Q) If M=M, +--- +M,, a sum of left A-submodules, then Dim , M =
Max,{Dim , M,},

(2) Dim, M < Dim 4.

(3) Dim , N < Dim , M for all quotients and submodules N of M.

(4) If I is an ideal of A contained in the annihilator of M, then Dim, ,, (M) =
Dim , M.

(5) If there is an element m € M with Ann ,(m) = (0), then Dim , M = Dim A.

6) If my,...,m, € M satisfy N, Ann ,(m;) = (0), then Dim , M = Dim A.
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Proor. For (1)-(4) see [7].

(5) Suppose Ann,(m) = (0). Let U be a finite dimensional subspace of M
containing m and a set of left module generators, and V a subspace of 4. From
U =VUDV,m=V, as vector spaces we obtain d(r) > d,(r). This inequality
together with (2) proves the assertion.

(6) The element (m,,...,m,) € @M satisfies Ann,((my,...,m,)) =
N; Ann ,(m,) = (0). Parts (1) and (5) prove the assertion. O

Any algebra A is a faithful left module over its multiplication algebra. Moreover,
if A is finite type, then algebra generators, a,,...,qa, € 4, serve as left #(A)
module generators: any monomial M(ay, ..., a,) in which a, appears is certainly in
the # (A) submodule generated by a;.

(3.4) LEMMA. Let A be a (not necessarily associative) finite type k-algebra. Then
Dim 4 = Dim 4 4, 4.

PrOOF. Let UC A be a finite dimensional generating subspace with basis
uy,...,u,. Let VC #(A) be a finite dimensional subspace containing id , and all
right and left multiplications by the u,.

For any s > 0, pg,(u,...,u,) € V*~'U from which U, € VU follows, proving
Dim 4 < Dim 4 4.

Let v,,...,v,, be a basis for V. Each v, is a sum of products of left and right
multiplications by elements from various U,. In particular, VU C U, for suffi-
ciently large n, and in fact V' c U,,,, for all i. Since id , € V, we have VU = V.U
Cc U,,:, and d, (i) < dy((n + 1)i). This shows (d;) < (d,) from which
Dim 4, (4) < Dim 4 follows. O

If 4 is a graded (nonassociative) algebra, #(A4) inherits the grading in a natural
way. Let A = &= A, where 4, is the space of degree n homogeneous elements.
Denoting the operator of left (resp. right) multiplication by a € 4 by A, (resp. p,),
we have A (A)= @M (A), where M (A), =span,{A p,la,b€ A,)}. Alterna-
tively, End, (A4) is a graded k-algebra whose subspace of homogeneous elements of
degree n is GB;Z _Hom,(4,,4,,,). Clearly, #(A) is a graded subalgebra of
End, A and if A4 is positively graded, #(A4), with the induced grading, is again
positively graded.

The following lemma appears in [3, Chapter 5 and 8, Chapter 6].

(3.5) LEMMA. Let B be an associative unital graded k-algebra of finite type. Suppose
further that B is positively graded by finite dimensional subspaces. Let M = @ M
be a finitely generated graded B-module graded by finite dimensional subspaces. Set

g(n) =) dim, M,
i=0
Then w(gM) = w(g).
(3.6) COROLLARY. Let A be a finite type, positively graded, k-algebra that is not

necessarily associative. If A = @ A; and g(n) = Li_dim, A,, then w(A4) < w(g)
with equality if #(A) is of finite type.
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PROOF. Lemma (3.4) yields w( 4 4,4) = w(A). If U C #(A) and V C A are finite
dimensional then U C X7, #(A), and V C X7, A,, for some m, n. Clearly, U'V C
Z;’;‘“O"‘A | for all i, from which w(44) < w(g) follows. Lemma (3.5) gives equality
for A (A) finite type. O

As an example, consider G,, the generic algebra for d-dimensional k-algebras. G,
is free as a k[1,;|1 <1, j,k < d] = k[T] module with basis e',...,e? satisfying
e'e/ = L{_t}fe*. We compute DimG,.

As a k[T]-submodule of End,(G,), #(G,) is finitely generated and torsion
free. The following standard lemmas apply.

(3.7) LEMMA [7, PROPOSITION 5.5). If B is a subalgebra of the associative algebra A
and A is finitely generated as a left or right B-module, then Dim B = Dim 4.

(3.8) LEMMA. Dim k[ X] = | X| for X a finite set.

Thus d* = Dimk[T] = Dim #(G,). Furthermore, ﬂleAnn/,,(Gd)(e’) = (0), so
by (3.3) and (3.4) DimG, = d*.

IV. The algebra of polynomial functions on a nonassociative algebra. Given an
arbitrary algebra A4 over a commutative, associative unital ring R, the algebra of
formal polynomials in a set X is the solution to the following universal problem: for
all R-algebras B with an R-algebra homomorphism ¢: 4 — B and a set map ¢:
X = B, A{X)q is the unique (up to isomorphy) algebra with algebra homomor-
phisms ¢,: A = A{(X)q, ¥;: A(X)q — B and set map ¥, X — A{ X ), making the
following diagram commute:

v ¥
A - B « X

Yo N T4 ¢ Yo
A{X)q

Full details can be found in [10], but it should be noted that A{X); can be
realized as R{ X }114, and thus its elements are represented as R linear combina-
tions of formal words whose letters come from A U X, and are bracketted in a
meaningful way.

Evaluation of a formal polynomial amounts to a set map & X — A which,
together with id: 4 — A, induces an algebra homomorphism &*: A(X); — 4. A
formal polynomial P is called inessential if ¢¥(P) = 0 for all e X — A. The ideal
N.. x_ 4kere* is denoted In(4, X) and the quotient A{ X );/In(A, X) is the algebra
of polynomial functions on A in the set X, denoted A{X). When X = {x} we
write A{x) in place of A{{x}).

In case R contains an infinite field, a Vandermonde determinant argument [10 or
3] shows that In( 4, X) is a homogeneous ideal with respect to the grading by degree
in X, so that 4{ X') inherits this grading.

Certain formal properties of 4({ X) needed in the subsequent development are
collected in the following proposition. Their proofs can be found in [11 or 3].
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(4.1) PROPOSITION. (1) If X and Y are disjoint sets, then A(X U Y ) = (A(X))Y).

(2) If {A,|i € 1} is a family of R-algebras and X a set, then there is an injective
homomorphism (I1A4,){X) — I14,{ X,y which is surjective if I is finite and M*(A,)
=M (A,) foreach i.

(3) If S is a commutative associative unital R-algebra, there is a surjective S-algebra
homomorphism S ® g A( X)) » (S ®x A){ X)) which is injective if S is a free R-mod-
ule.

With the identifications A , = ax and p, = xa, it is apparent that #(A) can be
identified with the submodule 4(x )" of A{x) consisting of polynomial functions
of degree one in the single indeterminate x.

In case A4 is free as an R-module, Rohrl [10] proved the following embedding
theorem which allows for a convenient representation of polynomials in A(X) and
brings the study of their zeros into the realm of classical algebraic geometry [10, 4].

(4.2) THEOREM. If A is free as an R-module with basis e', ..., e?, then for any set X
the algebra homomorphism A — k[ X,,..., X,;] ® g A given by a — 1 ® a and set map
X - k[X,,..., X,] given by x = L?_,x, ® e’ (where X, is a copy of X and x, € X,
the copy of x € X) induce an injective R-algebra homomorphism x: A{(X) —
R[X,,..., X, ] ®r A.

An immediate consequence of (2.3) and (4.2) is that for A4 finite dimensional over
a field, the growth of A(x) is polynomial bounded (i.e. w(A{ X)) < w(P) for some
polynomial P). Indeed, if dim, A = d, Dim A(x) < Dim[x,...,x,]® 4 = d.

It should be noted that if 4 is commutative, associative, unital, then A{ X) = A[ X]
the ordinary polynomial ring over A. Since G-K dimension agrees with Krull
dimension [1] in this case, and A(X) is of finite type if X is finite, polynomial
growth is clear.

Idealsin 4 and A( X)) are related by the assignments,

InA - {PeA(X)|e*(P)EIVe: X > A} = FrA(X),
IrdXy->F- 4= U {e(p)|lpeslad.
e X—A

If A is finitely generated free as R module, the evaluation of a polynomial can be
carried out in a convenient manner via (4.2). Indeed, for any set map : X — 4 we
have the evaluation homomorphism *: A{X); — A and the evaluation homomor-
phism A{X) — A also denoted y*. With a fixed basis for 4, say el,..., e we can
write Y(x) = Lr,e’ where r, € R, and for P = P(xy,..., x,) € A(X) we have

X(P) =Y P(X11sees X10s Xats e ooy Xogseos Xpg) ® €
in R[X,,..., X,]®A. If weset ¥: X; U --- UX, > R to be the set map x,; = r;;
where ¢/(x;) = Lr,;e/, and ¥*: R[X,,..., X;] = R the induced algebra homomor-
phism, then we have a commutative diagram:

AXy 5 R[X,....X,] @4
v* | l¥*®id,
4 R&pA

Ln
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Thus

d
VH(P) = Y P FiiseeosPidsees PagseensTugsenstog) e
i=1 :

As a consequence we have the

(4.3) LeMMA. If A is finite dimensional over a field and I is an ideal of A, then
A(X)/F= (A/I){X).

ProoF. The homomorphism 4 — A/ - (A/I){X) and set map X —
(A/I){X) into the degree 0 and degree one subspaces of (4/1){X) induces a
surjective homomorphism 7#: A{X )y — (A4/I){X) by the definition of 4{ X )y and
the fact that (4,/7)(X) is generated as an algebra by the images of 4/I and X.
Clearly, In(A4, X) C ker# and £ is contained in the kernel of the induced surjection
m: A(X) - (A/I){X), inducing a surjection A{X)/F— (A/1){X).

To see that # = ker, choose a basis e',...,e? for A with e,..., e’ a basis for I.
Commutativity of the following diagram for all e: X — A yields ker7 C £.

Axy 5 o(an(x) S kX, X ea/1
) L lE*®id,
A - A/l k® A/l

n

(Here &* is the homomorphism (A4/I)X) —» A/I induced from the set map &
obtained from & by composing with the canonical map 4 — 4/1.) 0O

The prime radical of an associative ring consists of all strongly nilpotent elements
of that ring [2, vol. II, p. 255]. The corresponding idea for a nonassociative algebra
leads to the I' radical [11 or 3]. For a € 4, let ¢ denote the evaluation homomor-
phism &*: A(x) — A induced by ¢,: x — a. Denote by A(x)>" the ideal in A(x)
consisting of all polynomials of degree > n, and by I'"*(a) the ideal e*(A{(x)>") in
A. The readily verified inclusions I'*(ab) € T"(a) NT"(b) and T'**(a + b) C
I'*(a) + T"(b) allow for the following

(4.4) DEFINITION. The T radical of A, denoted y(A), is the ideal {a € A|T"(a) =
(0) for some n}.

(4.5) LEMMA. Let A be a finite dimensional algebra over a field. Then y(A{ X)) =
ker(A(X) = (A4/v(A)(X)).

PROOF. Let P € y(A(X)) and & X — A. Since eX(I'"(P)) = I'"(¢*(P)), we
obtain €*(P) € y(A); hence, by (4.3), y(A{ X)) C ker(A{X) = (A/y(A){X).

Conversely, suppose e*(P) € y(A4) for all & X —= A. Again *(I'*(P)) =
I'"(e*(P)) shows e*(P) € y(4). O

In case A is associative, and -of arbitrary dimension, y(A4) is equal to the prime
radical of A. If, in addition, A is right or left artinian, the I' radical and the
Jacobson radical coincide 2, vol. I, p. 398].

Certain improved bounds on Dim 4(x) can be derived from the following
representation of a polynomial. Given a monomial M € A{x) of degree n, label the
occurrences of x with x,,...,x,, obtaining a multilinear homogeneous element

s Mo
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M € A(x,,...,x,) of degree n. Under the surjection A(xy,...,x,) » A(x) in-
duced by x, — x for each i and a — a for each a € 4, it is clear that M — M.
Furthermore,

X(M)= Z Xy sz"'xn' ®M(€i1,...,ei")
) <d n
and

x(M) = Y x,cx; ® M(eh,. . ).
By taking sums of such monomials we can express x(f) for any homogeneous
f e A(x)" as
(4.6) x(f)= 3 Xih.oox; ®f(eh, . e™)

I<i<i< - <d
where f € A(x,, ..., x,) is multilinear homogeneous of degree n.

(4.7) DEerFINITION. (1) An algebra A is said to be a subdirect product of a family

{A;:i €1} of algebras provided A is isomorphic to a subalgebra of the product
JJ

I, . ;A4; and the composition A — 11, . [ A, > A; is surjective for all j € I, where p; is

the jth projection.

(2) A is said to be subdirectly irreducible provided that in every representation of A as
a subdirect product . A —11,cA;, p;°e is an isomorphism for at least one j.
Otherwise A is said to be subdirectly reducible.

It should be noted that subdirect reducibility is equivalent to N, . ;, I = (0) since
in this case, the homomorphism 1, ;. .9, 4 = Ily.,,4A/I is injective, where
q;: A — A/I is the canonical map. Thus subdirect irreducibility is equivalent to the
existence of a unique nonzero minimal ideal.

(4.8) PROPOSITION. Let A be a finite dimensional k-algebra. Then

(1) Dim 4{x) < dim, A — dim,y(4).

(2) If A is subdirectly reducible, Dim A{x) < max, ., ,dim, 4/1.

PrOOF. (1) Let e!,...,e“ be a k basis for 4 with e, ..., e? a basis for y(4). Let g
be the nilpotency degree of y(A), and M € A{x)? a nonzero monomial. From (4.6)

x(M)= ¥ x, - x, @ M(eh,... e'),

and from the definition of g, it is clear that the nonzero summands in x(M) are of
degree at most ¢ — 1 in x,,..., x,. In particular,

imy C Y x{t oo xfk[xgi0,..,x,] ® A
At <1
Since
b xft oo xfk[xg ..., x,] ® 4
jl+ +jg<q—1
is a finitely generated k[x,,,,...,x,] module, we obtain Dim A(x) <

Dimk[x, q,...,x,]=d —g.
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(2) Since A is finite dimensional and subdirectly reducible, there is a finite
collection of nonzero ideals I,,...,1I, satisfying I, NI, N --- NI, = (0). Thus
q=1T1"19: A—> A/LI1---T1A/I, expresses A as a product of algebras of strictly
smaller dimension. The universal property defining A{ X ), applied to ¢ and the
map x —> x gives rise to a monomorphism A(X)y = I1,(A4/1;){ X ). One checks
that the image of In(4, X) lies inside In(I; 4/1;, X), inducing a homomorphism
g{X): A(X) = T1(A/L)X). If P& kerq(X), then &¢* - g(X)(P)=0 for all &
X = I1,4/1; from which e*(P) c N1, = (0) follows. Thus ¢(X) is a monomor-
phism, and ¢ induces a subdirect decomposition g{ X) of A{ X ).

The result now follows from (2.4) and the remarks following (4.2). O

(4.9) COROLLARY. An indeterminate x; occurs to only finitely many powers among
the coordinate polynomials in the image of x iff e’ € y(A).

PROOF. (<) is contained in the proof of Lemma (4.8).
(=) if e* & y(A), then for each /> 0, T'/(e*) # (0). In particular, there is a
monomial M € A(x)' whose evaluation at e® is nonzero:

x(M) = Y ox, cox, ® M(eh,. . e").

Evidently, the x/ term is nonzero.

(4.10) THEOREM. Let A be a finite dimensional k-algebra. Then the following are
equivalent:

(1) Dim A{x) = dim, A.

(2) A is subdirectly irreducible with unique nonzero minimal ideal I satisfying
I? # (0) and L ®, A has this property for all field extensions L of k.

(3) A is subdirectly irreducible with minimal ideal 1 satisfying I*> + (0) and
M(A)/Ann [ = End, I

PROOF. (1) = (2) From Proposition (4.8) we have A subdirectly irreducible. If
I? = (0) then I C y(A) since T'*(a) C I? for any a € I. But y(A4) = (0), again by
(4.8). Since L ® A{x) = (L ® A)(x), (4.1), and Dim L ® A{x) = Dim A(x) we
have (2).

(2) = (3) #(A)/Ann [ is a simple associative k-algebra, by the minimality of /
as an #(A) module. If #(A)/Ann I is not k central, then k ® #(A)/Ann I is
isomorphic to a product of k-algebras and k ® I is a direct sum of nonzero ideals of
k ® A, contradicting (2).

Suppose then that #(A4)/Ann I = End, I for some k central division algebra D
with n? = dim, D. Let r = dim,/ and note that k ® #(A)/Ann I = M, (k).
Thus k ® I is isomorphic to a direct sum of simple M, (k) submodules of k ® 4
each of dimension nr over k. But #(k ® A)/Ann(k ® I)=# (k) so that k ® I
is isomorphic to a direct sum of ideals, again contradicting (2).

3)= Q) k® M(A)/Ann] =k ® #(A)/k ® Ann I = End;(k ® I). More-
over, by (3.1, k ® #(A) = #(k ® A), and the image of k ® Ann I is contained
in Ann(k ® I). But simplicity of End;(k ® I) forces k® Ann I = Annk ® I, so
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that k ® #(A)/Ann I = #(k ® A)/Ann(k ® I) = Endz(k ® I). Thus
M (k ® A) acts densely on k ® I, proving that k ® I is the unique minimal ideal of
k ® A.

(2) = (1) Without loss, we assume k is algebraically closed and A has a unique
minimal ideal I with I? # (0). Choose a basis el,...,e? for 4 compatible with a
composition series of ideals (left #(A4) submodules)of 4: (0)=I,cI=1,¢C ---
cl,=4A4 (e, e,...,e" is a basis for I}, e,...,e", e"™! ... e is a basis for
I,, etc). Relative to this basis, the matrices in .#(A) have block upper triangular
form.

Let _# denote the radical of #(A4). Since k is algebraically closed, the Wedder-
burn principal theorem [6, p. 116] asserts that #(A4) = (I1"_,R;) ®_7, where the R,
are simple k-algebras. Relative to the above basis for 4, the matrices corresponding
to R can be taken to be the upper left block of dim / X dim / matrices. Let 7, be
the idempotent in .#(A) defined by r,,: e/ ~ 8, ' where §, ; 1s the Kronecker 8.

We show Dim A(x) =dimA =d by showing that the ideal £= {p €
A{x)|e*(P) € I for all &: {x} — A} is isomorphic to k[x,,..., x,] ® I. The proof
is by induction on degree, with the degree 0 case trivial. )

To prove that for any linear homogeneous f € k[x,,...,x,], f® a € # for all
a € I, it suffices to prove that the vector space dimension of the right ideal 7,;.#(A4)
is exactly d. Suppose dim, 1, #(A)=1<d, and oy,..., 0, is a basis. Consider the
linear system

N 0
val |0

where o, are matrices with nonzero entries only in the first row. These are / linear
equations in d unknowns for which a nontrivial solution (a;,...,a,) exists. Let
a = La,e'. By minimality of I, 1 C #(A)a, but e! € 1,1 C 7, #(A)a = (0), a
contradiction.

Now suppose that for all monomials M of degree r in x,,...,x,, M ® a € # for

all a € I. Let x{* --- xJ* have degree n + 1, and assume «; # 0. Then for each
ael, xpr - x%1... x%®ae# Choose a, b € I with ab # 0. Then
(xixl «o. x?i—l PP x;d@a)(x’®lb)=xtal - xsl PP xad®ab

is nonzero and in the image of x. Since #(A) acts densely on I we have
F=k(xy,...,x,;19 1. O

An important special case of this theorem is the case of A strictly simple [10] (i.e.
A is simple and remains so under all base extensions L ® A4 to field extensions L of
k). The monomorphism x is an isomorphism precisely when A4 is strictly simple.

If A is simple, but not strictly simple, then A is strictly simple viewed as an
algebra over its centroid Z, a proper field extensions of k. In this case, A(x) =
Z[xyy...,x4]®, A where d=d’-[Z:k]. By Lemma (2.5), Dim A(x) =d’ =
(dim 4)/[Z : k].
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V. Integrality theorem for associative algebras. Let 4 be an associative unital
algebra finite dimensional over the field k. Since (k ® A)(x) = k ®, A(x) and
Dim(k ® 4)(x) = Dim A(x), we will assume that k is algebraically closed. Denote
by J the Jacobson radical of 4. Then A4/J =TIR, where the R, are simple
k-algebras. The Wedderburn principal theorem asserts that 4 has a separable
subalgebra S isomorphic toI],R; so that 4 = § & J. Moreover, one easily shows [3]
that 1, = 1,. We identify each R; with its image in S.

The Wedderburn decomposition of A4 extends to A{X) as follows: Choose a basis
for A of the form

{el,...,efi}ufel,...,e}u - Ufel,...,ef b U{fL ...}

where {e}} constitutes a basis for R, and { f'} constitutes a basis for J. Relative to
this basis,

Xt ACXY > k[ XD, XD XX YL Y] e 4,
and

k[ X0, XD, XM L XY, Y] e 4
= k[x®,.. x0Y, .. Y] o (TIR, @ 7).

By (4.6), for any monomial term M of positive degree in Y;,...,Y, and any
evaluation e (U, , X\") U (U,Y,) = 4, ¢X(M) € J. Thus, the image of x lies in

rak[XT, .., X{M)® R,) ¢ where £ = k[X{V, ..., X{",Y,,..., Y] ®J is the
Jacobson radical of k[X{V,..., X{".Y),...,Y,]® A. Indeed, if # denotes the
Jacobson radical of 4{ X,

IR

ACXY/F= (A/T)(X) (I_f[lki)(X) = TIR(X)

I

ﬁk[Xfi),..., X)) @R,
i=1

We thus obtain A(X) = IT/_ k[X{?,..., X{"] ® R, & # where

T k[ XD, ..., X{P]® R, is a separable subalgebra of 4(X).

For each sequence o = (ij, ..., ;) of distinct integers 1 < i; < n, denote by V(o)
the k-vector subspace R, JR, J --- JR, of A. Note that V(o) = (0) if / is greater
than or equal to the nilpotency degree of J.

Set d; = dim, R;, and for each nonzero V(o0), set s(o) = ¥, ,d;;- Let g denote
Max{Max,,{s(c), Max, (d,}}).

(5.1) THEOREM. Dim A{x) = g.

ProoF. Since IT/_ k[x{",..., x{’] ® R, is a subalgebra of 4(x) of G-K dimen-
sion Max,{d,}, we obtain Dim A{x) > Max,{d,;}.

Suppose V(o) # (0), and let a = rja, -+ a,_,r, be a nonzero element in V(o),
where 0 = (iy,..., 1)), r € R,.j, and a; €J. For each j € g, let M, be monomial in
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k[x{), ..., xﬁ,i)], M, € A(x) with x(M,) = M, ® r,.
X(Mrlaerzaz al—er,) =M @r)(1®a) - (18a,_,)(M®er)

4
=[IMe®a=+0.
i=1

Since any monomial in k[{x{"]i, € 0,1 < a < d; }] can arise as IT1'_,M,, and
Dimk[{x{"]i, € 0,1 < a < d, }] is exactly s(o), we obtain Dim A(x) > g.

For any P € A(x), x(P) =X, P, ® el +L,0, ® f*, where the Q, are of
degree bounded by 7, the degree of nilpotency of J, in y,,..., y,. Furthermore, by
the decomposition of 4(x}), for each fixed i, P, , € k[x{",..., xf,‘;)]. In particular, a
monomial term involving x{” and x§” for i # j can occur only among the Q,, and
then only if R;JR; or R;JR, is nonzero, using the orthogonality of the distinct R,.
In particular, such monomial terms can arise only if V(o) # 0 for ¢ containing i
and . Since there are only finitely many sequences o, the collection of coordinate
polynomials P, , and Q, arising in the expansions of the polynomials in 4(x) can
be identified with a subset of a finite sum of vector spaces:

Y X k[{xlee1<B<d ]y ne

o g+ - tag<n

If #(n) denotes the dimension of the vector space @" A(x)"), we have w(z) <
w(k[x§)|i, € 0,1 <B< d;]) for any o with s(o)=g. By Lemma (3.5), with
B = A(x) = M, weobtain DimA(x) = w(t) < g. O

A simple example illustrating the theorem is given by 7, ,(x) the algebra of
polynomial functions in one indeterminate over the n X n upper triangular matrices
with entries in k. The Jacobson radical, J, consists of all strictly upper triangular
matrices, and 7, ,/J =TI k. Denoting by e,; the (i, j)th matrix unit, we have
€1, = €11€12€2,€y; - e, 1,e,, with each e, ., €J. Thus DimT, (x) =n=
dim7, , — dim J.

The algebra T, ,{x) has the explicit representation

k[x;]  klxy, x,] + x;k[x, x,]
0 k[le

from which Dim 7, ,(x) = 2 is clear.

By a result of Lorenz and Small [9], T, ,(x) is not both right and left Noetherian
if n>1, since DimT, ,(x)/J = Dim[lk[x;,]=1 < DimT7, ,(x) = n. From the
representation above, it is clear that 7, ,(x) is neither right nor left noetherian.

VI. The integrality theorem for general algebras. As in §V, the base field is
assumed to be algebraically closed, and A is assumed to be a finite dimensional
k-algebra. The integrality of Dim 4A(x) is obtained by proving Dim .#(A(x)) to be
integral. Since 4(x) is finite type, (3.2) yields Dim A(x) = Dim 4.y, 4(x). The
following lemma together with this observation shows that integrality of /#(A(x))
is sufficient.



550 D. R. FINSTON

(6.1) LEMMA. Let A be a finite dimensional k algebra. Then Dim A(x) =
Dim A (A{x)).

PROOF. We have observed that Dim A(x) = Dim 4.y, 4{x). Let e',..., e be
a basis for 4, and consider these elements as lying in the degree 0 subspace of A{x).
Suppose ® € #(A(x)) annihilates e',...,e?. Let P € A(x), & {x} — A4, and
e*(P) = La,e’,

(e* - ®)(P)=e*(®-e*(P)) = e*Zad(e’) = 0.

Since ¢ and P were arbitrary, ® = 0. By Proposition (3.3), Dim (., A{x) =
Dim A (A{(x)). O

In case k is not algebraically closed, we have

Dim # (A(x)) = Dimk ®, #(A(x)) = Dim #(k ® A(x))

by (3.1)" and (4.1), so that indeed there is no loss in assuming k to be algebraically
closed.

(6.2) LEMMA. The monomorphism X: A{(X) — k[X},..., X,;] ® A induces a mono-
morphism @ : M(A(X)) = k[X},..., X;] ® H(A).

PROOF. Relative to a prescribed basis el, ..., ef, x sends an element P € 4(x) to
T4 P, ® e'. Set
d d
Oy(Ap)= L P®A, and ®y(p,)= X P ®p,.

i=1 i=1
To see that the extension to #(A(X)) is well defined, consider the following
diagram for Q € A(X):

M (A(X)) - A(X)
q’xl b x

k[X,....,X,]®@4(4) - k[X,...,X,]®4

where ey(7) = 1(Q) for 7€ M(A(X)), and &,(Zs,® 1) =L{ _,0;s, ® 7,(e’).
Commutativity is easily verified, from which one deduces that @, is well defined
and injective. O

Let J denote the Jacobson radical of #(A4), and let #(A) = (I1'_,R;,) ®J be a
Wedderburn decomposition. With respect to the grading on #(A{ X)) by degree in
X, M (A) is isomorphic to the degree zero subspace. Consequently, I'1”_,R; is
isomorphic to a separable subalgebra of #(A{ X )). We identify [1R; with its image
in A (A)and A (A) with its image in A (A{X)).

Note that k[ X,,..., X;] ® J is a nilpotent homogeneous ideal in k[ X;,..., X,;] ®
M (A), modulo which k[ X,..., X,;,] ® #(A)is semisimple. Thus, k[ X,..., X,;,] ® J
is the Jacobson radical of k[Xj,..., X,] ® #(A). We have a graded k-algebra
homomorphism:

Dy 7 2
MAXY) S k[X,,..., X, ] @A(A) > _]:[lk[Xl,..., X,] ® R,
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where ¢ is the quotient homomorphism. The kernel of g ®, is a homogeneous
nilpotent ideal in #(A(X)), denoted #. Denote by ®, the induced graded
monomorphism

M (AX))F- T1k[X,,..., X, ] ®R,.
Let

m: [1k[X,..., X, ]® R, > k[X,,..., X;] ® R,
i=1

be the ath projection. The image of 7, ®, is a graded subalgebra Sya®R, of
k[X,..., X;,]®R,, and Sy, is a graded subalgebra of k[ X;,..., X,]. This follows
because ®,, ®,, and =, are all graded and the image of 7, o®, contains an
isomorphic copy of the central simple algebra R,.

Consider the case X = {x}. To simplify the notation we drop the subscript { x }
in®,,, (~I>{x), f(x), and S(,, ,. Note that Dim S, < d for each 1 < a < n. For each
sequence of distinct integers o = (iy,...,i;), 1 <i; < n, indexing the simple factors
M(A)/J, let V(o) be the subspace R, JR, J --- JR, of #(A), and let k[o] be the
graded subalgebra of k[x,,..., x,] generated by {Si, li; €0} Set

g= Max{ Max (Dimk[a]|V(0) # (0)}, Miax{DimS,.}}.

(6.3) THEOREM. Dim # (A(x)) = g = Dim A(x).

PROOF. We first show Dim A#(A(x)) < g. Let V C A#(A{x)) be finite dimen-
sional with basis P,,..., P,, and let N be the maximum of the degrees of the P,.

Applying @ and the direct sum decomposition of k[x,...,x,] ® #(A) we can
write

®(P)=PV+ - +P"M+ Q, where P/)€ S ®R,

and Q,=X%X,0,,®a, where Q,, € k[X,,..., X,;] and a, € J. Using the ortho-
gonality of the distinct R;, and hence that of the distinct S;® R, and the
nilpotency of J, we have

o(V') c spank{ 11 (P,.fl) + o+ PO+ Q,-J)}

lSiJSt

c YS®R + YMo)®J
i=1 o

for all . Here, M(o) is a finitely generated graded k[o] module. We may take as
generators for M(o) all homogeneous summands of all products of the Q, , with at
most as many factors as the nilpotency degree of J. In particular, for sufficiently
large ¢, ®(V'*) is contained in the subspace of £7_,S; ® R, + ¥ M (o) ® J of terms
of degree < Nt. The inequality Dim # (A{x)) < g now follows from (3.6) and (3.7).

Let o = (iy,...,i;) satisfy V(o) # (0), and Dimk[o] = g. There are positive
integers ai, ..., a,_; satisfying

R, JR, J% -+ J“ R, # (0),
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and
R, Jo -+ J% R JSTIR,  J%+ ... Ju1R, = (0)
1 s s+1

for each 1 < s </ — 1. Indeed, take for «; the largest integer for which R, J“R, J
- JR, #(0), a, the largest integer for which R, J“R, J“R, JR, # (0), etc.

Let P’ € S for each i; € o. By construction, P ®1 = <I)(P ) for some P IS
/Z(A(x))/j where 1, is the unit in R,;. Let P, e .//[(A<X>) be a preimage of P
and write ®(P,) = P’® L, +0; where Q= ZQ, ® b, for some b, €J and
Q;, € klxy,... ,de]. Cjonsider the product

(1e 15)[1):: ®1, + Ql](l el )1®a)(lel,)
'[Pi; ®1,+ Q2](1 ® 11'2)(1 ® a,)
(1eaq_)(1® 1:‘,)[P1/, ®1,+ Q/](l ®1,),

where ¢, € J* and 1,41, a; --- a,_;1; # 0. Multiplied out, the only nonzero term
is

P/P/ --- P/ ®(1i1‘111i2”2 T al—lli,)
by the choice of a;, ..., a,_;.

By definition, the integral domain k[o] is generated by the subalgebras S, , and
Dim k[o] is equal to the transcendence degree of its field of quotients. In partijcular
there is a subalgebra of k[o] generated by polynomials I, _; ,P’ P: €S, whose
G-K dimension is equal to Dimk[o]. By choosing a subspace of M (A{x))
generated by the P', corresponding to the P’, and #(A), a finite type subalgebra of

1

M (A(x)) can be constructed whose G-K dimension is at least Dim k[o]. O
(6.4) COROLLARY. For any finite set X, Dim A{X) = | X|Dim A{x).

PROOF. The proof is a modification of the proof of Theorem (6.3) and we use the
notation of that proof. We may, without loss of generality, assume that k is
algebraically closed.

Let X = {x;,...,x,} and {y} be disjoint sets. There are algebra homomor-
phisms

AX) = (A(X))(y) = ACX, y),
e MA(X)) > M(ALX, y)),
O, M(A(X)) - k[X,,..., X;] @ M(A),
Gy 0 MA(X, p)) > k[ Xy, Xy Y1se-ns vl @ M(A),

all of which are graded k-algebra monomorphisms. Note that the set X; U --- UX,
U {yp,..., ;) consists of d(n + 1) algebraically independent indeterminates over
k.

Set

Fk[X,. ., X ]80),
jX,y = (D;’Ty(k[Xl"'ﬂXd’yl""’yd] ®J)’
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and note that J,, = e7}( fx,y). Thus, there is a monomorphism & #(A(X))/J; —
M(A(X, y))/Jy ,, and a commutative diagram

3 & 7
MAN e =TTkl X X @ R, = k[X.....X,] @R,
1

&l T(veidg,) Ly ®idg,

where ¢: k[ X,..., X,] > k[X,..., X4, y1,--., y,u] 1s the embedding induced by
X, > X, forl <i<d.

Denote the image of 7, o®, by S x.o and the image of 7,0 ) X,y DY Sx .o BY
induction we may assume Dim Sy , = n - Dim S,,, and that a transcendence base for
the field of quotients of Sy , over k is given by

{Pi(x1ys s xqg) ey Pr(s ey Xg)s ooy Polovags ey X0a) ooy PRy X))
where {P/(x,,...,x,;)|1 <i<t}CS, is a transcendence base for the field of
quotients of S, as in the proof of (6.3). The polynomials P,(y,,...,y,) are
algebraically independent over k and independent from
{P,.(xﬂ,...,xjd)ll <i<t1<j< n},

proving that Dim Sy , . > Dim Sy , + Dim §, = (n + 1) Dim §,,. On the other hand,
Sx.y.o 18 @ homomorphic image of Sy , ®, S,, from which Dim Sy , , < Dim Sy , +
Dim S, follows.

Defining k[o]y (resp. k[o]y ,) to be the subalgebra of k[X,..., X,] (resp. the
subalgebra of k[ Xy,..., X, yy,..., y,] generated by { Sy ,|a € o}, (resp. { Sy, .|«
€ 0}), we obtain Dimk[a]y , = (n + 1) Dim k[o]. The remainder of the argument
goes as in Theorem (6.3). O

VII. Concluding remarks. If B is a commutative, associative, unital ring extending
a unital subring 4 with 1, = 1, then B is a homomorphic image of 4( X') for some
set X. Also, any homomorphism of commutative associative unital R-algebras,
A — B, where R contains an infinite field, extends naturally to a homomorphism
A(X) - B(X). In this case, A[X] = A{(X), and the condition that algebra homo-
morphisms extend to the algebra of polynomial functions leads to the notion of a
nomial homomorphism [11 or 3].

Given a homomorphism ¢: 4 — B of arbitrary R-algebras and any set X,y
together with the set map X — B{ X) given by x — x induces an algebra homomor-
phism ¢ q: A{X)q — B(X).

(7.1) DEFINITION. A homomorphism {;: A — B of R-algebras is said to be nomial
provided In(A, X) C ker(y xq) for all sets X.

In other words, ¢ is nomial provided ¢ extends to a homomorphism 4 :
A{X) — B{X) which agrees with ¢ in degree 0.

(7.2) THEOREM [11). An injective homomorphism of R-algebras : A — B is nomial
if and only if there is a set X and a surjective homomorphism ®: A(X) — B so that
®|, = {. Moreover, X may be taken to be finite if B is finitely generated over the
image of A.
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If k is an infinite field, then every homomorphism of commutative associative
unital k-algeras is nomial. It is easily checked that all surjective homomorphisms of
arbitrary R algebras are nomial.

If A is commutative, associative, unital and finite dimensional, then Dim 4 = 0
and Dim A[x] = 1. Expressed another way, if k£ is infinite, then A is a nomial
extension of k and we have Dim — (x) is constant and equal to 1 on the category of
finite dimensional nomial extensions of k. This remark is true in greater generality.

(7.3) THEOREM. If ®: A — B is a nomial extension of finite dimensional associative
k-algebras then Dim A{x) = Dim B{x).

ProoF. It is easily verified that if L is a field extension of k, the injection
id, ® ®: L®, A~ L®, B is again nomial since, by (4.1), (L ® A} X) =L ®,
A{(X). We may thus assume, without loss of generality, that k is algebraically
closed. Furthermore, finite dimensionality of B implies that there is a finite set X
and a surjective : A(X) — B sothat |, = ®.

As in §IV, we lift a Wedderburn decomposition 4 = I1_;R, ® J, to a Wedder-
burn decomposition A(X) =TT (k[ X{",..., X{"] ® R,) ® #. Denote by Sy the
separable subalgebra ITk[X(",..., X{?] ® R,, and identify Sy and # with their
image is in 4{ X), obtaining a homomorphjsm, denoted ¥, from Sy @ ¢ onto B.
Note that ¥(_¢) is a nilpotent ideal in B, so that ¥ induces a surjection Sy — B/Jg
where Jp is the radical of B.

Sy has a basis of the form { P(X{",..., X{?)®e(’|1 <i<n,1<j<d,}and
F has a basis {Qg(X",..., X", yy,. ) ®f '} where {e(,)il <j<d;}is a
basis for R; and {f'|1 <i<r} a basis for J,. Together with the fact that
¥|,=®, and ® is injective, we obtain B = ¥(S,)® ¥(J). Setting ¥, =
,,,,, xR, 2 Wedderburn decomposition of B is given by B = S; & Jg
where. Sp is a homomorphlc image of Sy. Indeed, Sz =I1'_,1;_,R;, where
ITy_iR, , = (imV¥,)/rad(im¥,), and R, , = R, Therefore, ¥ decomposes as ¥ =
(IT¥,) ® ¥| ¢ with

Vo k[XD,... X @R, ~ ( 1R, .| ®Js
a=1

The kernel of ¥, has the form (L, N --- NL, ) ® R, where the L, are ideals in
k[X{", ..., X{P] primary to distinct maximal ideals M,. Thus
3D ELRN, ¢ Kkl X0, ..., X9
[ 1 d, ] ® R,’ =~ n [ 1 4 ]
nLa « L
k[X") y)]

i Mﬂ
1'[ ® T ® R,

Cl a

imY, =

a

Since M, /L, = rad k[ X{",..., X{"], we obtain

rad(im¥,) = [](M,/L,) ® R,

a=i
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A complete description of B is given by

Ik X5D, ..., X® M.
B=]1 | n d’]®R, @(@ L_’"’@R,) o ¥(g)
[Tk X9, ..., X{
Sp=T1 [ 7 "']®R,.,

i i,a

= 0 @( ’“®R)63\If(]).

1,0(

By Theorem (5.1) and the observation that R, , = R, for each a, Dim A(x) =
Dim B{x) will follow if it is shown that every nonzero subspace R; . JgR, . J,
- JpR, , of B with distinct R, a has all i; distinct. For this, it suffices to
show that R, JR;, = (0) for a # ,B
The orthogonahty of the distinct R, in 4, and the distinct k[ X{,..., X§"1/L, in

A{X), yields
M.
L/}v
We are thus reduced to showing R, W( #)R, s = (0) for @ # B. To that end, let
P= ZP,(X{“,..., X ® el € ¥U(R,,),

Q=20 (XD, X"y, ) @ f €L,
T=YT(X,.... X)) ® e}y € ¥R, ).

L X9 k[ x,... x$0]

M, p

1

(')
(0) = B

I.ﬂ

® R,

®R,|.

Then

¥ (PQT) 0T, ® el f e(z))

P
- ¥ P70, e{,.)f"e(’,))
Jiok,1

where P, and 7, are the images of P, and 7, in the orthogonal rings
K[XO,. .., XP1/M, o k[ X, ..., X{P1/M, 4. In particular, ¥(PQT) = 0. O

Itis conjectured that Theorem (7.3) holds in the full generality of the category of
finite dimensional, not necessarily associative, algebras with nomial homomor-
phisms.

REFERENCES
1. W. Borho and H. Kraft, Uber die Gelfand-Kirillov Dimension, Math. Ann. 220 (1976), 1-24.
2. C. Faith, Algebra, Springer-Verlag, 1976.

3. D. R. Finston, The algebra of polynomial functions on a non-associative algebra, Thesis, U.C.S.D.,
1983.

4. , Separable polynomials over finite dimensional algebras, Comm. Algebra 13 (1985),
1597-1626.
5., On multiplication algebras, Trans. Amer. Math. Soc. 293 (1986), 807-818.

6. N. Jacobson, The theory of rings, Math. Surveys, no. 2, Amer. Math. Soc., Providence, R. 1., 1943.



556 D. R. FINSTON

7. A. Joseph and L. W. Small, An additivity principle for Goldie rank, Israel J. Math. 31 (1978),
105-114.
8. G. R. Krause and T. H. Lenagan, Growth of algebras and Gelfand-Kirillov dimension, Pitman, 1985.
9. M. Lorenz and L. W. Small, On the Gelfand-Kirillov dimension of noetherian P.I. algebras, Contemp.
Math,, vol. 13, Amer. Math. Soc., Providence, R. I, 1982, pp. 199-205.
10. H. Rohrl, On the zeros of polynomials over arbitrary finite dimensional algebras, Manuscripta Math.
25 (1978), 359-390.
11. , The algebra of polynomial functions with coefficients in a nonassociative algebra, Seminar
berichte Fernuniversitat Hagen 6 (1980) and 8 (1981).

DEPARTMENT OF MATHEMATICAL SCIENCES, VIRGINIA COMMONWEALTH UNIVERSITY, RICHMOND,
VIRGINIA 23284 - 0001



	0090155
	0090156
	0090157
	0090158
	0090159
	0090160
	0090161
	0090162
	0090163
	0090164
	0090165
	0090166
	0090167
	0090168
	0090169
	0090170
	0090171
	0090172
	0090173
	0090174
	0090175
	0090176

